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Abstract: Let L be a Banach space over a field A G -flow is a graph 
G embedded in a topological space 5? associated with an injective mappings 
L : u v L(u v ) € y such that L(u v ) = —L(v u ) for M(u,v) € X ^G^ holding 
with conservation laws 

Y L (■ v u ) = 0 for VrGh (tf) , 
uGNq(v) 

where u v denotes the semi-arc of (u, v) G X ^ G^ , which is an abstract model, 
also a mathematical object for things embedded in a topological space, or 
matters happened in the world. The main purpose of this paper is to ex- 
tend Banach spaces on topological graphs with operator actions and show 
all of these extensions are also Banach space with unique correspondence in 
elements on linear continuous functionals, which enables one to solve linear 
functional equations in such extended space, particularly, solve algebraic, dif- 
ferential or integral equations on a topological graph, i.e. , find multi-space 
solutions for equations, for instance, the Einstein’s gravitational equations. A 
generalization of some well-known results in classical mathematics, such as 
those of the fundamental theorem in algebra, Hilbert and Schmidt’s result on 
integral equations and the discussion on stability of such G-flow solutions with 
applications to controlling of ecologically industrial systems can be also found 
in this paper. All of these results in this paper establish the mathematical 
foundation for multi-spaces, i.e., mathematical combinatorics. 
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1. Introduction 



Let f be a Banach space over a field & . All graphs G, denoted by (V(G),X(G)) 
considered in this paper are strong-connected without loops. A topological graph G 
is an embedding of an oriented graph G* in a topological space . All elements in 
V(G) or A 1(G) are respectively called vertices or arcs of G . 

An arc e = (u,v) G X(G) can be divided into 2 semi-arcs, i.e., initial semi-arc 
u v and end semi-arc v u , such as those shown in Fig.l following. 

L(u v ) n,U 

u — 1 ♦ — v — . v 



Fig.l 



All these semi-arcs of a topological graph G are denoted by Xi \^G 

A vector labeling G on G is a 1 — 1 mapping L : G — > X such that L : u v — 
L(u v ) G X for \/u v G Xi , such as those shown in Fig.l. For all labelings G 
on G, define 



G 



L i 



= 3 ll+1> and AG ,1 = 'g A1 



Then, all these vector labelings on G naturally form a vector space. Particularly, 
a G -flow on G is such a labeling L : u v — ■> X for \/u v G Xi hold with 

L ( u v ) = — L ( v u ) and conservation laws 



5 ] !(/)= 0 

uGNg(v) 

for Vu G V(G), where 0 is the zero- vector in X. For example, a conservation law 
for vertex v in Fig.2 is — L{y ui ) — L{y U2 ) — L(v U3 ) + L{y UA ) + L(v us ) + L(v U6 ) = 0. 




Fig. 2 
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Clearly, if 'Y — Z and & = {1}, then the G-flow G is nothing else but the network 
flow A(ZZ) ->Zon G . 

Let G , G 1 , G “be G -flows on a topological graph G and £ G & a scalar. 

It is clear that G 1 + G and £ • G are also G -flows, which implies that all 

conservation G -flows on G also form a linear space over & with unit G under 

— — >o — > 

operations + and •, denoted by G , where G is such a G-flow with vector 0 on 
u v for (u,v) 6l^j, denoted by O if G is clear by the paragraph.. 

The flow representation for graphs are first discussed in [5] , and then applied to 
differential operators in [6], which has shown its important role both in mathematics 
and applied sciences. It should be noted that a conservation law naturally deter- 
mines an autonomous systems in the world. We can also find G -flows by solving 
conservation equations 



L (■ v u ) = 0, vev (Zf) . 

u€Ng(v) 

Such a system of equations is non-solvable in general, only with G-flow solutions 
such as those discussions in references [10]- [19]. Thus we can also introduce G -flows 
by Smarandache multi-system ([21] -[22]). In fact, for any integer m> 1 let ^E;7£^ 
be a Smarandache multi-system consisting of m mathematical systems 
(S 2 ; Afp, • • *, (E m ;7£ m ), different two by two. A topological structure G L E;7£ on 

^E; IZj is inherited by 

V{G L [S;7Z]) ={E 1 ,E 2 ,.--,E m }, 

E (g l E; TZ j = {(Sj, E j) |Ej P| Ej ^ 0, 1 < i ^ j < m} with labeling 
L : Sj * L (Ej) = Sj and L : (Sj, E j) ■> L (Sj, E j) — Ej P) E^ 
for integers 1 < * ^ j < m, i.e., a topological vertex-edge labeled graph. Clearly, 
G L E; TZ is a Zf-flow if Ej P| Ej = v e Y for integers 1 <i,j< m. 

The main purpose of this paper is to establish the theoretical foundation, i.e., 
extending Banach spaces, particularly, extended Hilbert spaces on topological graphs 
with operator actions and show all of these extensions are also Banach space with 
unique correspondence in elements on linear continuous functionals, which enables 
one to solve linear functional equations in such extended space, particularly, solve 
algebraic or differential equations on a topological graph, i.e., find multi-space solu- 
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tions for equations, such as those of algebraic equations, the Einstein gravitational 
equations and integral equations with applications to controlling of ecologically in- 
dustrial systems. All of these discussions provide new viewpoint for mathematical 
elements, i.e. , mathematical combinatorics. 

For terminologies and notations not mentioned in this section, we follow ref- 
erences [1] for functional analysis, [3] and [7] for topological graphs, [4] for linear 
spaces, [8] -[9], [21]- [22] for Smarandache multi-systems, [3], [20] and [23] for differ- 
ential equations. 



§2. (7-Flow Spaces 
2.1 Existence 

Definition 2.1 Let Y be a Banach space. A family V of vectors v e Y is conser- 
vative if 

5> = o, 



vGV 



called a conservative family. 



Let Y be a Banach space over a field & with a basis {ay, a 2 , • • • , ol Then, 
for v e V there are scalars xf, x^, • • • , € AY such that 



Consequently, 

implies that 

for integers 1 < i < dim Y. 
Conversely, if 

define 



V 


dim^ 

= E 


xfoii . 




i= 1 




dim^ 


dimY 


( 


I] I] X ^i 


= E 


E 


vGV i— 1 


i= 1 


VvGV 




E*< 


= 0 



oii = 0 



vGV 



S y^ j xj = 0, 1 <i< dirn'C, 



vev 



dim T 

v* = 

i — 1 
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and V = {v*, 1 < i < dimY } . Clearly, v = 0, i.e., V is a family of conservation 

’ ver 

vectors. Whence, if denoted by xj = (v, a*) for Vv G V, we therefore get a condition 
on families of conservation in Y following. 

Theorem 2.2 Let Y be a Banach space with a basis {ai,a 2 , • • • , . Then, a 

vector family V C V is conservation if and only if 

5^(v,ai) = 0 

vGV 

for integers 1 < i < dim Y. 

For example, let V = {vi, v 2 , v 3 , v 4 } C M 3 with 

vi = (1, 1, 1), v 2 = (-1, 1, 1), 
v 3 = (1,-1,-i), v 4 = (— 1, —1, — 1) 

Then it is a conservation family of vectors in R 3 . 

Clearly, a conservation flow consists of conservation families. The following 
result establishes its inverse. 

Theorem 2.3 A G -flow G exists on G if and only if there are conservation 
families L{v) in a Banach space Y associated an index set V with 

L(v ) = {L{v u ) G Y for some u G V} 

such that L{v u ) = — L(u v ) and 

L( v ) P| (— L(u)) — L(v u ) or 0. 

Proof Notice that 

E L (v")=0 

u£Ng(v) 

for Vf o V [Jtj implies 

L(«“) = - E 

w£Ng(v)\{u} 

Whence, if there is an index set V associated conservation families L(v) with 

L(y) = {L(v u ) G Y for some u G V} 
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for Vw G V such that L(v u ) = — L(u v ) and L(v) P| (-L(u)) = L(v u ) or 0, define a 
topological graph G by 

V (Zf) = y and X (Zf) = |J{(u,w)|L(u“) G L(v)} 

v£V 

with an orientation v — > u on its each arcs. Then, it is clear that G is a (7 -flow 
by definition. 

Conversely, if G is a G-flow, let 

L(v) = {L(v u ) G Y for V(v,u) G X (Zf)} 

for Vu G V ^G^. Then, it is also clear that L(v), v G H ^G^ are conservation 
families associated with an index set V = V ^ZZj such that L(v,u ) = — L(u,v ) and 



L (.v)r\(~ L ( u ^ 



L(v u ) if (v,u) G X ( G 
0 if (v, u) X (V 

by definition. 

Theorems 2.2 and 2.3 enables one to get the following result. 



□ 



Corollary 2.4 There are always existing G -flows on a topological graph G with 



weights Av for v G T, particularly, A e aii on Ve G X ( G ) if 



X G 



> 



V G 



+ 1 . 



Proof Let e = (u,v) G X ^G^. By Theorems 2.2 and 2.3, for an integer 
1 < % < dim y , such a G-flow exists if and only if the system of linear equations 

A ( v ,u) = 0, v G V (^G 

uev(~(3 



X G 



is solvable. However, if 
by theory of linear equations 

2.2 G-Flow Spaces 

Define 



> 



V G 



+ 1, such a system is indeed solvable 

□ 



G 



IIU 

(u,v)GX ^ G^ 
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for VG G G , where ||L(« t ')ll is the norm of F(u v ) in V . Then 



(1) 




> 0 and 


G = 0 if and only if G = G = O 


(2) 


g^ l 


= £ 


G^ 


for any scalar 


(3) 


G^ 1 


+ E 2 < 


dr 1 + dr because of 



E 1 + S'* 



E II £.(«”) + M 

{u,v)&X ( G^ 

< E ii i i(“”)ii+ E n^( 



M = 



G 



^1 



+ 



G 



i 2 | 



(u,t))£X ^ G^ 



(u,v)EX (~G^\ 



— yY 

Whence, || • || is a norm on linear space G . 

Furthermore, if 'f is an inner space with inner product (•,•), dehne 



(3‘‘,2 b )= E (UM.-tjK)). 

(u,v)ex ^ G^ 

Then we know that 

(4) ^G , G ^ = J2 (L(u v ),L(u v )) >0and^G ,G ^ = 0 if and only 

Gj 

if L[u v ) = 0 for V(u, v) E X '(G), i.e. , G = O. 

(5) 1 ,7$ = (77 2 , df ^ for ^ .6? 2 e df^ because of 

(gES 11 ) = E <£iK),£ 2«)}= E tM^UEOT 

= E TTEEm> = (W,3 1 ‘) 

^ dr J 

(6) For G , G \ G G G , there is 

^aZ? Li + 
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because of 



AG* 11 + ^ L, ,G' 1 ) = (G' JL ‘+e'‘ i, ,G' 1 ) 

J2 («■(«’) + (■ L 2 (u"),L(u")) 

(u,v)£X( G ) 

£ (A U(u"),L(u")) + £ (Mu"), Hu")} 

(u,v)ex(G) (u,v)gX(G ) 



= (F L \n L 






= a/c? 1 ', <J L \ + 



Thus, G is an inner space also and as the usual, let 



— aL / / — aL — aL 

G =\(G,G 



— al — 

for G G G . Then it is a normed space. Furthermore, we know the following 
result. 

Theorem 2.5 For any topological graph^ , G is a Banach space, and furthermore, 
if Y is a Hilbert space, G is a Hilbert space also. 

Proof As shown in the previous, G is a linear normed space or inner space if 

Y is an inner space. We show that it is also complete, i.e., any Cauchy sequence in 
— r —Ain 1 

G is converges. In fact, let < G 1 be a Cauchy sequence in G . Thus for any 
number £ > 0, there always exists an integer N(e) such that 



G n -G m <£ 



if n,m > N(e). By definition, 



\LJu v ) - L,Ju v )\\ <\\G -G <£ 



i.e., {L n (u v )} is also a Cauchy sequence for V(u, v) € X yG j, which is converges on 
in Y by definition. 

Let L(u v ) = lim L n (u v ) for V(u, v) £ X (g Y Then it is clear that 

n—xxD \ J 



lim ~3 Ln = Ct L . 




— — >r 

However, we are needed to show G G G . By definition, 



E L n {u v )= 0 



v£Ng(u) 



for Vw G V ( G ) and integers n > 1. Let n — > oo on its both sides. Then 



lim N L r 



vGNg(u) 



E lirn L r 

— >nn 



v£Ng(u) 



Y £(<0=0. 



v£Ng(u) 

Thus, g <E. □ 

Similarly, two conservation d^-flows Cr 1 and dr 2 are said to be orthogonal if 
^G 1 , G =0. The following result characterizes those of orthogonal pairs of 
conservation (7- flows. 

Theorem 2.6 let G \ G G G . Then G 1 is orthogonal to G 2 i/ and only if 
(Li(0,L 2 (0) = 0 for V(u, v) G X (df) . 

Proof Clearly, if (Li{u v ), L 2 {u v )) = 0 for V(w, n) G X fdT), then, 



(cl Ll ,cl La ) = E (L 1 (« w ),L 2 (« w )) = 0, 

(ti,«)ex /" dr 



i.e., G 1 is orthogonal to G 2 . 

— yL i — >Z/2 

Conversely, if G is indeed orthogonal to G , then 



G \G 2 )= E (^iK),^K)) = 0 

(u,v)GX f G^ 



by definition. We therefore know that (Li(u v ), L 2 {u v )) = 0 for V(w, v) G X ^GJ 
because of (Li(u v ), L 2 (u v )) >0. □ 

Theorem 2.7 Let Y be a Hilbert space with an orthogonal decomposition Y = 
V © V x for a closed subspace V C Y . Then there is a decomposition 



G = V © V x , 
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where 



v = <! d Ll e ~6 r 
= \ d L2 G c! y 



U : X[G ) -»• V 
L 2 : X (G ) ->• V 



i.e., for VZZ G ZZ , i/iere is a uniquely decomposition 

<3 L = <3 Ll + G^ 2 

with L x : X (Zf) -> V and L 2 : X (Zf) -»• V- 1 . 

Proof By definition, L(u v ) G Y for V(u,v) G X ^ G j . Thus, there is a decom- 
position 

L(m w )=Li(u w )+L 2 (m w ) 



with uniquely determined L\(u v ) G V but L 2 (u v ) G V 1 . 

and [g 2 ~| be two labeled graphs on G with Li : Xi I G ) — > V 



Let 



ZZ Ll 



and L 2 \ X i ( G ) — > V- 1 . We need to show that 



ZZ Ll 



G 



l 2 



G ^ G, Y^j. In fact, 



the conservation laws show that 



^ L(u v )= 0, i.e., + L 2 (u v )) =0 

V(zNq(u) v£Nq(u) 



Whence, 



for Vw G Id ( G ) . Consequently, 



X MO + 5] L 2 (u v ) = 0. 

v£Ng(u) v£Ng(u) 



o = ( E n(«”)+ E no-), E E 

\v£.Ng(u) veN G (u) v€.Ng(u) veN G (u) 

E iiM, E £ to) + ( E L ^ u '">’ E 

\v£Ng(u) v£Ng(u) / \v£Ng(u) v£Ng(u) 

E iiM, E ^K)) + ( E ^(“'). E w 

\v£Nq(u) v£Nq(u) / \v£Nq(u) v£Nq(u) 

E n(«”), E £ >(“”)/ + ( E E i2 < u ‘ 

\v£Ng(u) v£Ng(u) / \v£Ng(u) v£Ng(u) 
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+ £ <L,(ti”),L 2 (u”)) + £ (LjM.AK)} 

v£Ng(u) v£Ng(u) 



£ Li(u’), £ £,(«”)) + ( £ !,(«'), £ L 2 K) 

\v£Nq(u) v£Nq(u) / \v£Ng(u) v£Ng(u) 

Notice that 

£ £ £iK))> 0, / £ £ 2 («”), £ i 2 (o)> 0. 

\v£Nq(u) v£Nq(u) / \v£Nq(u) v£Nq(u) 

We therefore get that 

£ i.M, £ £.(O) = 0 , / £ l 2 («”), £ l 2 (o) = o, 



\v£Ng(u) 



i.e., 



Thus, 



^ Ll 



G 






v£Ng(u) 

£ £iK> = 

v£Nq(u) 



\v£Nq(u) 



v£Nq(u) 



0 and L 2 (u v ) = 0. 

v€Ng(u) 



G G . This completes the proof. 



□ 



2.3 Solvable G-Flow Spaces 

Let G be a G-flow. If for Vu G V (^)’ fl° ws L(v u ) ,u G N G (v ) \ {up } are 
determined by equations 

( L (v u ) ; L (w v ) , we N G (u)) = 0 

unless L(v u °), then G-flow is called solvable, and L{y u ° ) the co-flow at vertex v. 
Such a G-flow is linear if each L (v u+ ^\ ,u + G Nfliv) \ {-Uq } is determined by 



L (v u+ ) = a -~ L ( u ~l ’ 

u ~£ N g( v ) 



with scalars a u - G & for Vu G V ^G^j unless L and is ordinary or partial 

differential if L ( v u ) is determined by ordinary differential equations 

L v 1 <i<nj ( L(v u+ ); L {iT 1 ') , u~ G N G (u) ) = 0 
or 

L v 1 < i < nj [L{y u+ )]L (u~ v ) ,u-eN~ G (u)) = 0 
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Fig. 3 

We consequently know the following result on linear solvable G -flows. 

Theorem 2.8 For a strong- connected graph G , there exist linear G -flows G , not 
all flows being zero on G . 

Proof Notice that G is strong-connected. There must be a decomposition 

/mi \ / m 2 \ 

3= LJc'dUlUT), 



where C i, are respectively directed circuit or path in G with rn \ > 1 , m 2 > 0. 

For an integer 1 < k < mi, let C k = ■ ■ ■ u k Sk and L [u^ Ui+1 ^ = v fc , where 

i + 1 = (mods). Similarly, for integers 1 < j < m 2 , if X^- = w{w ] 2 ■ ■ ■ vfl, let 
F (wj,Wj +1 ) = 0 . Clearly, the conservation law hold at \/v e V ^G j by definition, 

and each flow L (^uf Ul+l ^ , i + 1 = (mods) is linear determined by 



= L (utC) + 0 x ]T Y, L 



3& veNciut) 



+ E E * 

3 = l v&Np.(vf) 



= Vfc 



°+E E 0 

3 — 1 vGN t , (uf) 



Thus, G is a linear solvable G-flow and not all flows being zero on G . 
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All G -flows constructed in Theorem 2.8 can be also replaced by vectors de- 
pendent on the time t, i.e., v(f). According to the theory of ordinary differ- 
ential equations ([23]), the differential equation x = f(x, t) with x| t=to = x 0 is 

always solvable in a neighborhood of x 0 , where, x = ( —r—, —r—, ■ ■ ■ 7 ~r~ 

\ at at at 

f (x, t ) = (/i(x, t), / 2 (x, t), ■ ■ ■ , / n (x, t )). Thus, if there is a vertex v G V (^G J with 

p ( v ) A 2 and p + (v) > 2, i.e., v is in at least 2 directed circuits C , C , let flows on 
C and C be respectively x and f(x, t). Similar to the proof of Theorem 2.8, we 
know the conservation laws hold for vertices in G^, and there are indeed flows on 
G determined by ordinary differential equations. We therefore know the following 
result. 




Theorem 2.9 Let be a strong- connected graph. If there exists a vertex v G 
V ^G j with p~{y ) > 2 and p + (v) > 2 then there exist ordinary differential G -flows 

G , not all flows being zero on G . 

For example, the G-flow shown in Fig. 4 is an ordinary differential G-flow in a 
vector space if x = f(x, t) is solvable with x| t= t 0 = xo. 

Similarly, we know the result on partial differential G -flows. By the theory of 
partial differential equations of first order ([3]), let x = (aq, aq, • • • , x n ). If 

{ Xi Xi(t, Si, S 2 , , S n — 1 ) 

U = u(t,Si,S 2 , - ■ ■ ,S n -l) 

Pi = Pi(t , Si, s 2 , • • • , s n _i), i = 1, 2, • • • , n 
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is a solution of system 



fix 1 


dx 2 


dx n 


7 

-t pi 


— — ' 

1 P2 


F Pn 



E Pi F Pi 
1=1 



dpi 

Fxi ~F Pl F u 



• - = dt 

Fx n PnF n 



with initial values 



{ %io ^ 2 > 5 &n— l) 

u 0 ~ Uo(Si, S 2 , ■ ' * , S n -l) 

Pio = Pio( S h s 2 j ' ' ' j S n _i), % = 1, 2, • • • , 71 

such that 

{ 7(*1 0 , ^ 20 ) ' j ^noi 'U'i Plo; P^oi ' j Pno) 0 

(9u 0 <9 x; 0 n • i o i 

J j =0 J 

then it is the solution of partial differential equation 

F ( x 1 , x 2 ,---, x n , u , pi , P2 ,-’-, p n ) = 0 
dvb d F 

with the same initial values, where p t = — — and F p = — — for integers 1 < i < n. 

dxi 1 d pi 

For partial differential equations of second order, the Cauchy problems on heat 
or wave equations 

du 2 77 d 2 u d 2 u 2 77 d 2 u 

dt a Qxj ’ Qt 2 a Z^/ Q x 2 

i= 1 * i=l 1 

with initial values 



are solvable. For example, we know closed formulae ([3]) 

, „ 1 /“ + 00 (xi -VI ) 2 -\ hQ n-Vn) 2 

p 4 1 



du 


n 


d 2 u 


d 2 u 2 


dt = 


a ^ 


dx 2 ’ 


dt 2 “ ° 


i= 1 


% 








du 


u\ t - 


=0 = P 


( x ) , 


dt t= o ” 



u = 777b 
(47 rf) : 

for heat equations, and 



<p(yi£-,yn)dyi---dy n 



u(x u x 2 ,z a ,t) = | ^-J'PdS +^-rjHS 
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for wave equations in n = 3, where Sfl denotes the sphere centered at M (aq, aq, xf) 
with radius at. Similar to Theorem 2.9, we get a result on partial G -flows following. 

Theorem 2.10 Let ~G! be a strong- connected graph. If there exists a vertex v G 
V ^G^J with p~{y) > 2 and p + {y ) > 2 then there exist partial differential G -flows 

G , not all flows being zero on G . 



}3. Operators on (T-Flow Spaces 



3.1 Linear Continuous Operators 



Definition 3.1 Let T G 6 be an operator on Banach space T' over a field TP . An 

y'f/ y'f/ 

operator T : G — > G is bounded if 



T G 






G 



— >L 

for V G G G with a constant f G [0, 00 ) and furthermore, is a contractor if 



T ( G^ -T (~6 L2 






g^ 1 - -£ L2 ) 



for\/G \ G G G with £ G [0, 1) . 



y'f' 

Theorem 3.2 Let T : G — > G be a contractor. Then there is a uniquely 

—> L — 

conservation G-flow G G G such that 



Proof Let G G G be a G-flow. Define a sequence j G " j by 



<^ Ll = T 

<^ i2 = T ( c! Ll ) = T 2 (C? L ° 



c ? Ln = t( ~ 6 Ln = T n ( c! Lo 



r—>L n ' | — ‘■■r 

We prove < G > is a Cauchy sequence in G . Notice that T is a contractor. 
For any integer m > 1, we know that 



^m+l G^™ 



= T G 



T G 
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<£ = T -T 



f^m.— 1 ~T^L rn — 2 



Li ^L 0 1 



< £ G — 0 < • • • < C G — G 



Applying the triangle inequality, for integers m > n we therefore get that 

|G^ m - G^ n 

< ^ Lm -^ Lrn ~ 1 + + -..+ ^ Ln “ 1 -G^” 

< (C + £ m_1 + • • • + T” 1 ) x <^ Ll - <^ io 

tn- 1 tm , „ r 

= s i _Y x|^4 L °| 

< x ^ Ll - ^ Lo for 0 < £ < 1. 

- 1-^ 

) y YTh ) /* 1 ( /* J J ^ 

Consequently, G — G — >• 0 if m — > oo, n ^ oo. So the sequence < G > 

— >L 

is a Cauchy sequence and converges to G . Similar to the proof of Theorem 2.5, we 

— 

know it is a G-flow, i.e., G £ G . Notice that 



~6 L - t (~d L 



< ~d L -~d Lm + c? im — t (~c! L 



< |^ L -^ Lm |+e |^ Lm_1 -^ L . 

Let m — »■ oo. For 0 < £ < 1, we therefore get that G — T ^G j =0, i.e., 

t (c? L ) = ~6 L . 



—>l' — 

For the uniqueness, if there is an another conservation G-flow G £ G 
holding with T ^G L j = G^ L , by 

— — » L ' /— > L \ /— > L '\ — >L — >L' 

G -G = t(GJ-T(g ) <£ G -G , 
it can be only happened in the case of G" = Zr for o<e<i. □ 



^-y 

Definition 3.3 An operator T : G — > G is linear if 
T (\C? Ll + pC? L2 ^ = AT p Ll ) + /jT 

for VG \ G 2 £ G and A,/i £ and is continuous at a G-flow G ° if there 
always exist a number 6(e) for We > 0 such that 

T (c! L ) - T (c! L o ) <e if ~6 L -C! Lo <6(e). 
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The following result reveals the relation between conceptions of linear continu- 
ous with that of linear bounded. 



Theorem 3.4 An operator T : Z? is linear continuous if and only if it is 

bounded. 



Proof If T is bounded, then 

It Cab 



t( 3 1 '-3 1c, ')|| <$(£'' -3 



}L 0 



y }L() y ^ 

for an constant £ G [0, oo) and \/G , G e G . Whence, if 



3 1 - S L ° 



< 5(e) with 5(e) = -, £ ^ 0, 



then there must be 



t ( d L - <^ Lo 



< e, 



it 



i.e., T is linear continuous on G . However, this is obvious for £ = 0. 

Now if T is linear continuous but unbounded, there exists a sequence G 

— 

in G such that 



Let 



G 



= 



> n 



G 



1 -jLn 

x G 





Pi L n 


n 


G 



Then 



—>L* 


1 




G 


n 


0, i.e., 



T G 



>L* 



/ — >L* \ 




T ( G J 





0 if n — > oo. However, by definition 



G 





Pi Lji 


n 


G 



T 


(3- 


)_ 


n 


G^ 





n 



> 



n 



G 



G 



= 1 , 



a contradiction. Thus. T must be bounded. 



□ 



The following result is a generalization of the representation theorem of Frechet 
and Riesz on linear continuous functionals, i.e., T : G ->Con G-fiow space G , 
where C is the complex field. 
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Theorem 3.5 Let T : G 

—*l —>y 

unique G G G such that 



for V(j L G ~(f . 



C be a linear continuous functional. Then there is a 



T G = ( G , G 



fL —>L 



y 



Proof Define a closed subset of G by 



jVifT) = {Zf' G 



y 



T f G 1=0 



— +y /— > l \ 

for the linear continuous functional T. If jV(fY) = G , i.e., T G j = 0 for 

— — >y —>l 

VG G G , choose G = O. We then easily obtain the identity 

TfchWc? 1 ,^ 



Whence, we assume that yV(T) ^ G .In this case, there is an orthogonal decom- 
position 

= GK(T) © e yT ± (T) 



with PT{T) ± {O} and ^- L (T) ^ {O}. 

Choose a G-flow G ° G yV' ± (T) with G ° / O and define 



G = T G 



G 



Lo 



t ( d Lo ) ) g 



—>l 

for VG G G . Calculation shows that 



T G = f T f G ) ) T ( G 









TIG T G =0, 



i.e., G G o/C(T). We therefore get that 



o = (G‘,3 1 " 



Lo 



TG G -TG 



r©) 



d L , d Lo 



= t id L ) (d Lo ,d Lo ) (d Lo ) (d L ,d Lo 



Notice that <^G °, G = 



G 



Lo 



7 ^ 0. We find that 



T G 



T G 



}Lo 



G 



Lo 



— >L — >L 0 \ / — >L 

G , G ) = ( G , 



T G 



fLo 



G 



Lo 



G 



Lo 
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Let 



_ T J p L 0 _ -t\L 0 

Lj <-» Lx w 



G 



-^0 



>Lo 



T G j /— » l \ /— 

where A = — — ...; . We consequently get that TIG ) = ( G , G 



G 






— >L' — *r /— >L\ / —■ > L -p$L'\ 

Now if there is another G £ G such that T ( G ) = ( G , G ) for 

— >L — — >L — I >Z/\ 

VG £ G , there must be < G , G — G ) = 0by definition. Particularly, let 
G = G — G . We know that 



— — >L' 

G - G 



+Z, — iL' — — >L'\ 

— ( G - G , G — G > = 0, 



— — >Z/ — — >L' 

which implies that G — G = O, i.e., G = G 



□ 



3.2 Differential and Integral Operators 

Let V be Hilbert space consisting of measurable functions f(xi, x 2 , ■ ■ ■ , x n ) on a set 
A = {x = (xi, x 2 , ■ ■ ■ , x n ) £ M n | a % < Xi < bi, 1 < i < n} , 
i.e., the functional space L 2 [A], with inner product 



(/(x),s(x))= / /(x)c/(x)dx for /(x), p(x) £ L 2 [A] 
7 A 






and G its G-extension on a topological graph G. The differential operator and 
integral operators 



« = £ 



~ 7 , ai 

i= 1 



_C?_ 



and 



on G are respectively defined by 



— >L — >DL(u v ) 

DG = G 



and 



/ G L = f Jl(x,y)^ L[yl dy = G 

7a 7a 

I G L = I Jl(x,y)^ L[yl dy = G 

/ a 7a 



/ A /C(x,y)L(« , ')[y]dy 



/ A /C(x,y)L(u ,; )[y]dy 
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dd 

for \/(u,v) G X ; where a*, ^-A G C°(A) for integers 1 < i,j < n and Jl(x, y) 



Ax A->Ce L 2 ( A x A, C) with 



K (x, y)dxdy < oo. 



' Ax A 



Such integral operators are usually called adjoint for / = / by A' (x, y) = 

J A Ja 

Jl (x, y). Clearly, for G \ G G G and A ,/iG 

jj Li(n ,«) _ D ^X Ll {u^+nL 2 (u^ _ 

_ ^D(ALiK))+D( m L 2 ( U *)) _ ^D(ALi(u”)) -^D([iL 2 {u v )) 

= D te (ALlK)) + = AD (if lK) ) + D (^ LaK) ) 



for \/(u,v) EX i.e., 



D ( A^ Ll + ^ i2N ) = AD^ Ll + /xD^ 2 . 



Similarly, we know also that 



aS 11 + =\ rd L ' +,1 '3 L \ 

I A v ' J A ./a 

J (A^ Ll + /i^ L2 ) = A J ~ 6 L \ 






Thus, operators D, / and / are al linear on G . 

./A «/ A 

For example, let /(t) = t, g(t ) = e*, K (t, r) = t 2 + r 2 for A = [0, 1] and let G 
be the G-flow shown on the left in Fig.6. Then, we know that Df = 1, Dg = e*, 



t 2 



K(t,T)f(r)dT= j K(t,r)f(r)dr — j (t 2 + r 2 ) rdr = — + - = a(t), 



K(t,r)g(r)dr — / K{t,T)g{r)dr — / (t 2 + r 2 ) e T dr 

Jo Jo 

= (e — 1 )t 2 + e — 2 = b(t) 



and the actions DG , G and / G are shown on the right in Fig. 5. 

J[o,i] J [0,1] 
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Furthermore, we know that both of them are injections on G . 

Theorem 3.6 D : if -> if and [ : C?* -> if . 

J A 

— >L — — fL f — >L —>t 

Proof For VG G G , we are needed to show that D G and G G G , 

./a 

i.e.j the conservation laws 

^ DL{u v ) = 0 and ^ f L(u v ) = 0 

■ AT _ . 1 A T _ /".A '' A 



v£Nq(u) 



v£Nq(u) ' 



— >l(u v ) 

hold with Vv G V ( G ) . However, because of G G G , there must be 



^ L(u v ) =0 for Vw G y (Gj , 

v£N G (u) 



we immediately know that 



o = D ( 5] L(u v ) 1 = ]T DL («“ 

,v£N G (u) ) v€N G (u) 



and 



for Vu G V ( G 



o = / ( E i(“”) ) = E / M - 1 

JA \veN G (u) ) veN G (u) JA 



□ 
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§4. (C-Flow Solutions of Equations 

As we mentioned, all G'-solutions of non-solvable systems on algebraic, ordinary or 
partial differential equations determined in [13]- [19] are in fact G -flows. We show 
there are also ~Cl -flow solutions for solvable equations in this section. 

4.1 Linear Equations 

Let y be a held (J^"; +, •). We can further define 

u 1 ' o n L ‘ = n L,L2 

with Li ■ L 2 (u«) — Li(u v ) ■ f.'iiv’ j for i[v. V) € X [UY Then it ca.n be verified 

y^ / \ 

easily that G is also a held ( G ; +, o ) with a subheld & isomorphic to & if the 
conservation laws is not emphasized, where 

& = { G G G ' \L (■ u v ) is constant in & for V(u, v) G X f G 



& 



Clearly, G ~ & 



e( cf) 




— 


n 


\e(C?) 




V ) 


. Thus 


G 


= p 


V J 


if 1^1 



if \^\ = p n , where p is a 



prime number. For this ^-extension on G , the linear equation 



aX = G 

yd~^ L 

is uniquely solvable for X — G in G if 0 ^ a G & . Particularly, if one views 
an element b G & as b = G if L(u v ) = b for (u, v ) G X (^G j and 0 / a G then 
an algebraic equation 

ax — b 






fa 1 L 



in .y also is an equation in G with a solution x = G such as those shown in 
Fig.6 for 0 = Z? 4 , a = 3, b = 5 following. 
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Let [Lij\ mxn be a matrix with entries L t j : u v — > V . Denoted by [L l] \ mxn ( u v ) 
the matrix [L l3 (u v )] xn . Then, a general result on G-flow solutions of linear systems 
is known following. 



Theorem 4.1 A linear system ( LES of equations 



' 

On-Xi + cl 12 X 2 + • • • + a\ n X n 
a-2\Xi + 022X2 + • • • + a2 n X n 





cimiXi + a m 2 X 2 + • • • + a mn X n — 



G 



( LES-) 



with aij G C and G G G for integers 1 < i < n and 1 < j < m is solvable for 
— yy 

Xi G G , 1 <i <m if and only if 



rank [oij] mxn = rank [oy] + x(n+1) (u v ) 

for\/(u,v) G Ct ; where 





Oil 


0 12 


Oln 


L\ 




021 


022 ' 


' ' «2n 


L 2 


1 

a L4mx(n+l) = 


®ml 


Om2 


o mn 


Lm 



Proof Let Xi = C? Xl with L Xi (u v ) G Y on (u,v) G X for integers 

1 < i < n. For V(u,v) G X ^G^, the system ( LES £) appears as a common linear 
system 

an L X1 (■ u v ) + a u L X2 (u v ) 4 f a ln L Xn ( u v ) = L 1 ( u v ) 

a 2 \L Xl ( u v ) + a 22 L X2 (u v ) 4 b a 2n L Xn ( 1 u v ) = L 2 ( u v ) 

< ci’mi^xi (rt ) 4~ ) T ■ ■ ■ 4~ a mn L Xn (w ) L m ( u ) 

By linear algebra, such a system is solvable if and only if ([4]) 

rank [a ij ] mxn = rank [a ii ] + x(n+1) K) 

for V(«, v) G G . 
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Labeling the semi-arc u v respectively by solutions L Xl ( u v ), L X2 ( u v ), • • • , L Xn ( u v ) 
for \/(u,v) E X we get labeled graphs £* X1 , cf * 2 , • • • We prove that 

^ Lxi ,^ Lx \---,^ Lxn e^ r . 

Let rank [a^-] = r. Similar to that of linear algebra, we are easily know that 



-i mxn 

/ 






Xj 1 — Y2 cuG + Cl , r+1 X jr+1 + • • • ci n W 



i= 1 
m 



^Jn 






Xj 2 — c 2 i G + c 2 ,r+l^"j r +i + * * * C2nXj, 

i= 1 



X Jr G + Cr,r+l-^-jf r _|_i + • • • C rn Xj n 

i= 1 

where {ji, • • • , j n } = {!,•••, n}. Whence, if Cf Xjr+1 , • • • , ~CH Xjn G then 



vGNg(u) 



U V ) = ^2 Y. C ki L i W 

vGlNq(u) i = 1 

+ y^ c 2 , r+ ii/ Xjv+i (m^) + 

v€Nq(u ) 

m ( 

^ ^ Cki ( ^ ^ -hi 

*=1 \v£Ng(u) 



yf C 2«-hxj n 

v£Ng(u) 



U 



+ c 2 ,r+l h; 



2?r+l 






H f C2n ^ -h^ n (V’) — 0 

vGNg(u) 



rr 



vGNq(u) 

Whence, the system (LES^f) is solvable in G 

The following result is an immediate conclusion of Theorem 4.1 



□ 



Corollary 4.2 kl linear system of equations 

ai\X\ + fli 2^2 + ■ ■ • + a\ n x n = b\ 

®2]Tl + 0,22^2 + • • • + a>2n x n = ^2 

a m iX\ T fl m 2^2 T • • • T a mn x n = b m 
with atj, bj G ^ /or integers l<i<n,l<j<m holding with 



rank [a,/ ^ = rank |a,il~ l W 

l JJmxn z JJmx(n+l) 



has G - flow solutions on infinitely many topological graphs G . 
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Let the operator D and A C M n be the same as in Subsection 3.2. We consider 

— 

differential equations in G following. 

\ -y/ 

Theorem 4.3 For \/G L G G , the Cauchy problem on differential equation 

DG X = G l 

is uniquely solvable prescribed with G ^ n=x ° = G ' . 

Proof For V(u,v) G X ? denoted by F (u v ) the flow on the semi-arc u v . 
Then the differential equation DG X = G L transforms into a linear partial differential 
equation 

j^ a fJPPl =L (u^ 

i = 1 



dxi 



on the semi-arc u v . By assumption, a* G C°(A) and L(u v ) G L 2 [A], which 
implies that there is a uniquely solution F(u v ) with initial value L$ ( u v ) by the 
characteristic theory of partial differential equation of first order. In fact, let 
4>i (xi, x 2 , ■ ■ ■ , x n , F ) , 1 < i < n be the n independent first integrals of its char- 
acteristic equations. Then 

F(u”) = F'(u") - L 0 (x[, 4 •••,<_,) e L 2 [ A], 
where, x \ , x ' 2 , • • • , x' n _ x and F' are determined by system of equations 

01 (xi, x 2 , ■ ■ ■ , x n -i, x ° n , F) = 0 X 

02 (a?l, X 2 i' ■ ■ i x n -i, x° n , F) = 0 2 



0n (xi, x 2 , • • • J , F) = (j) r 



Clearly, 



f ( x] *v) I = E DF (« w ) = E L K) = 0 

<v£Nq(u) ) v£Nq(u) v£Nq(u) 



Notice that 



E 

vGNq(u) 



= E io(«”)=0. 

_~0 VGNq(u) 
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We therefore know that 



£ F(u’)= 0, 

vGNg(u ) 

—fX —>F —>t 

Thus, we get a uniquely solution G = G G G for the equation 



DG X = G l 



q ^Lo 

prescribed with initial data G Xn=x ° — G°. 

We know that the Cauchy problem on heat equation 



dii 2 A d 2 u 

FH Fir 2 



is solvable in IRC x M if w(x, f 0 ) = ty?(x) is continuous and bounded in IRC, c a non-zero 

— >L — yT 

constant in M. For G E G in Subsection 3.2, if we define 

d~^ L — ^ d~Cl L 

— — = G at and — — = G dXi , 1 <i<n, 

dt oxi 

then we can also consider the Cauchy problem in G , i.e. , 

OX _ 2 A 0 2 X 

dt C ^ dx 2 
1=1 1 

with initial values X\ t=to , and know the result following. 

— 

Theorem 4.4 For\/G G G and a non- zero constant c in M, the Cauchy problems 
on differential equations 

2 y' d 2 X 

FH < J Fir 2 



—>l' 

with initial value X\ t=to = G G G is solvable in G if L' ( u v ) is continuous and 



bounded in IRC for V(w, v) gaA 



Proof For (u, v) G X G ) , the Cauchy problem on the semi-arc u v appears as 



du 2 <9 2 w 

FH < J Fir 2 
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with initial value u | i=0 = L' ( u v ) (x) if X = G . According to the theory of partial 
differential equations, we know that 



F (- u v ) (x, t) = 



( h (xn—VnY 



(47 Tty 



L' ( u v ) (yi, - ■ ■ ,Vn)dyi - ■ -dy n 



Labeling the semi-arc u v by F (u v ) (x, t ) for M(u, v) E X yG J , we get a labeled 
graph ZZ on Zl We prove C? F e cf. 



By assumption, G € G , i.e., for Vu € V (g\ , 

E i'K)W = o, 



v€Nq(u) 



we know that 



^ F(tA)(x,£) 

v£Nc(u) 



1 r + °° (ati -t/-|) 2 H K^n-^ti) 2 . 



s ( 4 vrt) 2 

v£Ng(u) 



1 r + f 50 (js 1 -y 1 ) 2 H Urn-gn) 2 



(47rt) ■ 



1 I'+OC ( a?1 _ M1 )2_| K^n-gn) 2 



(47Tt) 1 



£ («”) (yir--,y n )dyi---dy n 



y, N2/r--4 

v£Nq(u) ) 



(0) dj/i ■ ■ ■ dy n = 0 



for Mu EV (ZZY Therefore, ZZ e ZZ^ and 



f)A _ 2 A Tl 



— ►L' — 

with initial value Aq t =t 0 — G E G is solvable in G . □ 

Similarly, we can also get a result on Cauchy problem on 3-dimensional wave 

— 

equation in G following. 

Theorem 4.5 ForMG E G and a non- zero constant c in M, the Cauchy problems 
on differential equations 

d 2 X _ 2 fd 2 X 8 2 X 3 2 X\ 

d t 2 C \ dx\ dx\ dx\ J 
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with initial value X\ t=to = G G C? is solvable in Cr if L' ( u v ) is continuous and 

bounded in M” for V(zz, v) G X (~&)- 



For an integral kernel A'(x, y), the two subspaces , JV* C L 2 [ A] are deter- 
mined by 

, F = j(/>(x) G L 2 [ A] | K (x, y) 0(y)dy = 0(x) | , 



= |<^( x )eL[A]| I K (x,y)(p(y)dy = <p(x) j . 
Then we know the result following. 

yy 

Theorem 4.6 For \/G L G G , if dirm/F = 0, then the integral equation 



fX 



iX 



G" - I GT = G L 

J A 






zs solvable in G with Y = L 2 [A] z/ and only if 

'S L ,Y) = o, 



Proof For V(zz,u) G X 



*x 



X ~L , Y L '\ n 



G - j G =G L and ^G , G ) = 0, VG G^ 
on the semi-arc u v respectively appear as 



F(x)- / K (x, y) A (y) dy = L (zF) [x] 

J A 



if A (zF) = F ( x ) and 



/ L (««) [x]L (zF) [x]dx = 0 for VG G o/F*. 

J A 

Applying Hilbert and Schmidt’s theorem ([20]) on integral equation, we know 
the integral equation 

F (x) — [ A(x,y)F(y)dy = L(zF)[x] 

J A 

is solvable in L 2 [A] if and only if 



L (zF) [x]L' (■ u v ) [x] dx = 0 




.JJ 

for VG G JV* . Thus, there are functions F (x) G L 2 [A] hold for the integral 
equation 



Fix) 



*r(x,y)F(y)dy = LK)[x] 



for \/(u,v ) G A" ^G j in this case. 

For Vu G Id f G V it is clear that 



E H 

v€Nq(u) 



U X 



/ K(x, y)F(u v ) [x]d = E L 

•'A / 



{u v ) [x] = 0, 



v£Nc(u) 



which implies that, 



/*(*, y)( E F (”’)H = E 

\v(zNg(u) J v€Ng(u) 



Thus, 



E fwwt/. 

v£Ng(u) 

However, if dirrr/F = 0, there must be 

E F (<*’) [x] = 0 

v£Ng(u) 

/ — >\ — 

forVuGh G , i.e., G G G . Whence, if dirn./F = 0, the integral equation 



G' 






= G l 



rr 



is solvable in G with F = L 2 [A] if and only if 

(& L ,'S v ) = 0 l VC? 1 ’ e jr. 

This completes the proof. 



□ 



Theorem 4.7 Let the integral kernel Jl(x, y) : A x A — > C G L 2 ( A x A) be given 
with 

[ \K (x, y)| 2 dxdy > 0, dirn.yF = 0 and K(x, y) = Jl(x, y) 



'Ax A 



29 




for almost all (x, y) G A x A. Then there is a finite or countably infinite system 
G -flows |(j | C L 2 ( A, C) with associate real numbers {A;} i=1 2 ... C M such 

that the integral equations 

[ X(x,y)^ L<[y W = X^ LM 

J A 

hold with integers i — 1, 2, • • •, and furthermore, 

I Ai| > | A 2 I > • • • > 0 and lim A* = 0. 

i—>OG 

Proof Notice that the integral equations 

[ A'(x,y)^ il[yl rfy = A^ Ll[xl 
J A 

is appeared as 

[ K (x, y )Li ( u v ) [y]dy = AiL ; (u v ) [x] 

J A 

on (u,v) G X . By the spectral theorem of Hilbert and Schmidt ([20]), there 
is indeed a finite or countably system of functions {L* (u v ) [x]} i=1)2 ,... hold with this 
integral equation, and furthermore, 



| Ai | > | A 2 1 > • • • > 0 with lim A* = 0. 

i — >00 

Similar to the proof of Theorem 4.5, if dim.xh = 0, we know that 

Li ^ M = 0 

v€Ng(u) 

for Vu G V ^ G j , i.e., G G G for integers i — 1,2,-- □ 

4.2 Non-linear Equations 

If G is chosen with a special structure, we can get a general result on G-solutions 
of equations, including non-linear equations following. 

Theorem 4.8 If the topological graph G can be decomposed into circuits 

1 

i= 1 
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such that L(u v ) = L % (x) for V(w, v) G A ij , 1 < i < l and the Cauchy problem 

d'i (x, W, U X1 , , u Xn , U X1X2 , ■) 0 

^|xo 

is solvable in a Hilbert space Y on domain A C R n for integers 1 < i < l, then the 
Cauchy problem 

Y{ (x, A, X Xl , • • , X Xn , X XlX2 , ■) 0 

A |x 0 = G^ 

such that L (u v ) = Lj(x) for\/(u,v ) G A ^Gjj zs solvable for X G G . 

Proof Let A = G “ (x) with L u ( x ) (iL) = zz(x) for (w, v) G A ^G^. Notice that 
the Cauchy problem 

( x i *> *a:i) ' ' > X Xn , X XlX2 , ') 0 



= G* 



then appears as 



( X ; ^X\1 1 H Xnl H IH2! ’) 0 



u| X0 = Lj(x) 



on the semi-arc u v for (u,v) G A ^G J , which is solvable by assumption. Whence, 
there exists solution u ( u v ) (x) holding with 



I ' C ( X ; Uj V* xi , ' i Hxnl llxiX21 ') 0 

\ u| X0 = Lj(x) 

Let b? u(x) be a labeling on Z7 with u (■ u v ) (x) on m" for M(u,v) G A We 

show that G “ (x) G G . Notice that 

i 

^ = |Jc t i 

2=1 

and all flows on G* is the same, i.e., the solution u(u v ) (x). Clearly, it is holden 
with conservation on each vertex in G j for integers 1 < i < l. We therefore know 
that 

X] L xo (u v ) = 0, uev(ciy 

v£Ng(u) 
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Thus, “ (x) G Tj* . This completes the proof. □ 

There are many interesting conclusions on G-flow solutions of equations by 
Theorem 4.8. For example, if is nothing else but polynomials of degree n in one 
variable x, we get a conclusion following, which generalizes the fundamental theorem 
in algebra. 

Corollary 4.9 (Generalized Fundamental Theorem in Algebra) If G can be decom- 
posed into circuits 

i 

i— 1 

and Li(u v ) = a, : 6 C for \/{u,v) G A" ^Gj^ and integers 1 < i < l, then the 
polynomial 

f(x) = V 1 o x n + V 2 o i "" 1 + - + ^"oi + zV +1 

always has roots, i.e., X 0 G Z* such that F(X 0 ) = O if~(j Vo and n > 1. 
Particularly, an algebraic equation 

a±x T a, 2 X T ■ ■ ■ T a n x T On+i = 0 

with 0 has infinite many G-flow solutions in G on those topological graphs 

i 

with = (J 

i = 1 

Notice that Theorem 4.8 enables one to get G-flow solutions both on those 
linear and non-linear equations in physics. For example, we know the spherical 
solution 

ds 2 = f{t) ^1 — — j dt 2 — ^ - Tg dr 2 — r 2 (dd 2 + sin 2 9d<f 2 ) 

r 

for the Einstein’s gravitational equations ([9]) 

W v - - Rg ^ = -8nGT^ 

2 y 

with = g a gR a ^ 1 ', R = g^R^, G = 6.673x10 ~ 8 cm 3 /gs 2 , k = 8nG/c 4 = 

2.08 x 10 -48 cm~ l ■ g~ l ■ s 2 . By Theorem 4.8, we get their G-flow solutions following. 

Corollary 4.10 The Einstein’s gravitational equations 

R IJU - ^Rg^ v = -8t tGT^, 



32 




has infinite many G -flow solutions in G , particularly on those topological graphs 

i 

G = |^J C i with spherical solutions of the equations on their arcs. 

2—1 

For example, let G = C 4 . We are easily find 4 -flow solution of Einstein’s 
gravitational equations, such as those shown in Fig. 7. 



t’i Si v 2 



S 4 ■ 

VA s 3 V 3 



S2 



Fig. 7 



where, each Si is a spherical solution 

ds 2 = /(f) ^1 — —'j dt 2 — ^ - — dr 2 — r 2 (dd 2 + sin 2 Odfi 2 ) 

r 

of Einstein’s gravitational equations for integers 1 < i < 4. 

As a by-product, Theorems 4. 5-4 . 6 can be also generalized on those topological 
graphs with circuit-decomposition following. 



Corollary 4.11 Let the integral kernel K(x,y) : A x A — > C G A 2 (A x A) be given 
with 

[ |A'(x,y)| 2 dxdy > 0, K (x, y) = AT(x, y) 



'Ax A 



for almost all (x, y) G A x A, and 



3 L = UA 



i= 1 



suc/i that L(u v ) = A[j] (x) for\/(u,v ) G A and integers 1 <i<l. Then, the 

integral equation 



3* _ / G 



x 






is solvable in G with A = A 2 [A] if and only if 
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Corollary 4.12 Let the integral kernel K(x,y) : A x A — > C € L 2 ( A x A) be given 
with 




|/i(x,y)| 2 rfxrfy > 0, 



for almost all (x. y) e A x A, and 



K{x,y) = K (x. y ) 






i= 1 



such that L{u v ) = (x) for\/(u,v ) G X (^C ^ and integers 1 < i < l. Then, 

n i i ■ r, ■ . . r, _ xO/A 



there is a finite or countably infinite system G -flows < G 



i= 1,2,- 



C L 2 ( A, C) with 



associate real numbers {Aj} i=1 2 ... C M such that the integral equations 

[ K(x,y)^ Lily] dy = A^ Li[xl 



hold with integers i = 1, 2, • • •, and furthermore, 



I Ai| > | A 2 1 > • • • > 0 and 



lim A i = 0. 

i — >00 



}5. Applications to System Control 



5.1 Stability of G-Flow Solutions 



Let X = G 



!i(x) 



and X -2 = G 



ni(x) 



be respectively solutions of 



’X ( X ) X xi , ■ ■ , X Xri , X X1X2 , ■) 0 

on the initial values X| Xo = G or X| Xo = G in G with "V = L 2 [A], the Hilbert 
space. The G-flow solution A" is said to be stable if there exists a number 6(e) for 
any number e > 0 such that 



II Ad - X 2 




Lx 




< 6 



if 



By definition, 





< 8{e). 





U (■ u v ) 



L(u v ) || 



34 




and 



^ L “!(x) ^ L «W 



Y |KK)( x )- w K)( x )ll- 

(u,v)GX ( 

Clearly, if these G-flow solutions X are stable, then 

IKK) (x) -«(«”) (x)|| < Y IKK) ( x ) ~u(u v ) (x)|| < £ 

(u,v)GX f G^j 



if 



||t, («”) || < X IIMO-MOII <^), 

( u,v)GX ^ G^ 



i.e., u ( u v ) (x) is stable on u v for (u,v) E A" (^G 

Conversely, if u (u v ) (x) is stable on u v for (u, v) E X (^G ) , i.e., for any number 
e/e ^G j >0 there always is a number 5(e) ( u v ) such that 

IKK) ( x )-«M ( x )ll < 



£ G 



if 



IK KKMKII <K) K), 

then there must be 

||ui (u v ) (x) — U ( U v ) (x) || < £ f G^ X 



(u,v)£X ^ G^ 



£ G 



= e 



if 



IK K)-KOII< 



M 



where e ( G ) is the number of arcs of G and 



5(e) = min < 5(e) ( u v ) |(w, v) E X [G 



Whence, we get the result following. 
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Theorem 5.1 LetY be the Hilbert space L 2 [A], The G -flow solution X of equation 



■A' (x, X, X Xll • • • , X Xnl X XlX2 , ■ ■ •) — 0 
*|xo = 3 L 






in G is stable if and only if the solution u(x) (■ u v ) of equation 



■ ^ (x, W, U X1: , ^X n 1 

M | x 0 G 



= 0 



is stable on the semi-arc u v for \/(u, v ) G A" J . 

This conclusion enables one to find stable G-flow solutions of equations. For ex- 
ample, we know that the stability of trivial solution y = 0 of an ordinary differential 
equation 

dy 

dx 

with constant coefficients, is dependent on the number 7 = max{ReA : A G o-[A]} 
([23]), i.e. , it is stable if and only if 7 < 0, or 7 = 0 but m'( A) = m( A) for all 
eigenvalues A with ReA = 0, where cr[A\ is the set of eigenvalue of the matrix [A], 
m( A) the multiplicity and m'( A) the dimension of corresponding eigenspace of A. 




Corollary 5.2 Let [A] be a matrix with all eigenvalues A < 0, or 7 = 0 but 
m'( A) = m( A) /or all eigenvalues A with ReA = 0. Then the solution X = O of 
differential equation 

dX 
dx 




is stable in G , where G is such a topological graph that there are G -flows hold 
with the equation. 



For example, the G-flow shown in Fig . 8 following 
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is a G-flow solution of the differential equation 



d 2 X (IX n 

, 2 + 5— h 6A — 0 

dx z ax 

with f(x) = Cie~ 2x + C[e~ 3x and g(x) = C 2 e~ 2x + C' 2 e~ 3x , where Ci, C\ and C 2 , C’ 2 
are constants. 

Similarly, applying the stability of solutions of wave equations, heat equations 
and elliptic equations, the conclusion following is known by Theorem 5.1. 

Corollary 5.3 Let "V be the Hilbert space L 2 [ A]. Then, the G -flow solutions X of 
equations following 

9 2 X 2 (d 2 x d 2 x\ 

d t 2 C \ dx\ dx 2 



= G 



2 ) d-X. 
’ ~dt 



i,X 2 ) V l ~p$Lp(t,X 1 ,X 2 ) 

(jt , yi. | Lt 



to 



d 2 X 2 dX _- t L 

— C — — Lt 



d t 2 

x\„ = g 



dx 1 



and 



d 2 X d 2 X d 2 X _ 
dx\ dx\ dx 2 



X\ dA = G 



Lg(x 1 } x 2 ,x 3 ) 



are stable in 7* , where is such a topological graph that there are Cr -flows hold 
with these equations. 



5.2 Industrial System Control 



An industrial system with raw materials Mi, M 2 , ■ ■ ■ , M n , products (including by- 
products) Pi, P 2 , • • • , P m but wi, w 2 , ■ ■ ■ , w s wastes after a produce process, such as 
those shown in Fig. 9 following, 




Fig. 9 
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i.e., an input-output system, where, 



(yi,V 2 ,- ■ ■ ,Vm) =F(x i, a? 2 , ■ 



determined by differential equations, called the production function and constrained 
with the conservation law of matter, i.e., 



I] y> 

i=l 



s n 

i — 1 i= 1 



Notice that such an industrial system is an opened system in general, which 
can be transferred into a closed one by letting the nature as an additional cell, i.e., 
all materials comes from and all wastes resolves by the nature, a classical one on 
human beings with the nature. However, the resolvability of nature is very limited. 
Such a classical system finally resulted in the environmental pollution accompanied 
with the developed production of human beings. 

Different from those of classical industrial systems, an ecologically industrial 
system is a recycling system ([24]), i.e., all outputs of one of its subsystem, including 
products, by-products provide the inputs of other subsystems and all wastes are 
disposed harmless to the nature. Clearly, such a system is nothing else but a G-ffow 
because it is holding with conservation laws on each vertex in a topological graph G , 
where G is determined by the technological process for products, wastes disposal 
and recycle, and can be characterized by differential equations in Banach space G . 
Whence, we can determine such a system by G with L u : u v — >■ u ( u v ) (t, x) for 
(u,v) e 1 or ordinary differential equations 



G 



L 0 d k X 

O — 

dt k 



+ G o 



Lx d k -'X 



vi _ yt-DoO) 

X ' t=t0 ~ G ’ It 



dt k ~ l 



H \-G 






= O 



= G 



L Mx) 



dX 



k - 1 



t=t 0 



’ dt k ~ l 



= G 



L h k _ i(x) 



for an integer k > 1, or a partial differential equation 



dX -f Ll 8X 
G °¥ + g 7 
A'l,.,,, = V 



+ •••+ G o 



dX 

dx„ 



t=t 0 



= G 






'u(x) 



f k -i 



and characterize its stability by Theorem 5.1, where, the coefficients G , i > 0 are 
determined by the technological process of production. 
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